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(1) Zquztions of Motion 

The equat ions or" not ion( ' )  of a spcce veh ic l e  i n  Fig 1 

zre w r i t t e n  wi th  t h e  squ3.i-e o f  the s p e c i f i c  angular  momentum 

2s t h e  independent varicble(2). These equat ions desc r ibe  

the dynainical behavior o f  the rocket-powered veh ic l e  i n  an 

i n v e r s e  square f o r c e  field, i . e . ,  

where u = l/r i n v e r s e  of the raGia l  d i s t ance  measured 

tn 
I= 

' 0  

to the l o c a l  v e r t i c a l  o f  t h e  landing  p o i n t ,  
2 

= square of the s p e c i f i c  e n p l a r  momentum = (r'e) , 
= radial specific force,  

n t ransverse  s p e c i f i c  force ,  

= g r a v i t c t i o n a l  t x c e l e r a t i o n  zt a re ference  altitude 
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above the  moon (or  p l a n e t )  

uo = l/ro = i nve r se  o f  t h e  radius  a t  a re ference  a l t i -  
tude above the  moon (or  p l a n e t ) .  

( 2 )  Variat ion Eauations 

If the s p e c i f i c  fo rces  (ae and ar) a r e  per turbed  from 

t h e  programmed values ,  t he  outputs of t h e  veh ic l e ,  u and e, 

w i l l  d ev ia t e  from the programmed t r a j e c t o r y .  

confine this dev ia t ion  w i t h i n  a s p e c i f i e d  permiss ib le  range, 

proper guidance and con t ro l  nust be Implemented. 

turbed forms of equat ions (1) and ( 2 )  a r e  obtained by first  

s u b s t i t u t i n g  u + AU,  e t b e ,  

e ,  8 @ ,  and a,, r e spec t ive ly .  The d i f f e r e n c e  between the  

r e s u l t i n g  equat ions and t h e  o r i g i n a l  equat ions i s  deter- 

mined and h igher  o rde r  terms involv ing  A U ,  h e ,  hag  and b a r  

are neglected.  

t i o n a l  equat ions 

I n  o r d e r  t o  

The per- 

+ bag, and a, + bar f o r  u ,  

This  procedure gives  the following var ia -  

( 3 )  

where 
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1 du 
E ’  E(k) = - - 

AU i s  the  per turbed  quan t i ty  i n  u ,  

~9 3.s the  per turbed  quantity i n  8 ,  

“0 i s  the  per turbed  quan t i ty  i n  a,, 

bar  i s  the  per turbed  quan t i ty  i n  ar. and 

These v a r i a t i o n a l  equat ions  with k as an independent va r i a -  

ble are o rd ina ry  linear d i f f e r e n t i a l  equat ions  w i t h  v a r i a b l e  

c o e f f i c i e n t s .  The dev ia t ion  and AU a t  t h e  l and ing  po in t  

can be determined o r  computed from these equat ions.  

( 3 )  Computer Scheme 

I n  genera l ,  t h e  c r i t e r i a  f o r  choosing a p a r t i c u l a r  

computer scheme a re :  

i The q u a n t i t i e s  and a, must be f i n i t e  du r ing  the 

e n t i r e  descent  t r a j e c t o r y .  

ii The sources  of i n fo rna t ion  of  the  v a r i a b l e s  u and k 

are important.  

t h a t  these variables are conputed from measurements o r  o t h e r  

Subsc r ip t s  rn o r  k may be added t o  I n d i c a t e  

va r i ab le s .  
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iil The nonl inear  feedback should s t a b i l i z e  the sys t em 

and f o r c e  the  vehic le  into t h e  re ference  t r a j e c t o r y .  

I n  Fig. 2 and 3 t h e  q u a n t i t i e s  urn and km a r e  the meas- 

ured inverse  r ad ius  and s p e c i f i c  momentum of the veh ic l e ,  

r e spec t ive ly .  

by a p a r t i c u l a r  program i n  terms of km. 

The compited inverse r a d i u s  uk i s  determined 

Assuming no propulsion e r r o r s  (6a9+0 ,  aar+O) and meas- 

urement ( o r  guidance) e r r o r s  (6u+O, 6k+O), then 

a = a and un = u, e 8 C  

o r  
bae = Aagc and AU, = AU. 

de The v a r i a t i o n a l  equat ions f o r  ae and - can be w r i t t e n  as dk 

and 

AU J 
- - aaec - aaOC - au, 

U a a O C  

ha0 -- h a e c  - - 

( A e )  - 2 - U AU ( 3  - - ----I . d 
2ae ae 

( 7 )  

If nonl inear  guidance is employed i n  determining t h e  t r a j e c -  

t o r i e s ,  t h e  com2uter is supposed t o  c a l c u l a t e  t h e  r e fe rence  

s p e c i f i c  fo rce  accordiag t o  a p a r t i c u l a r  progran, cons i s t en t  

w i t h  the c r i t e r i a  given previously i n  t h i s  s ec t ion ,  hence 
3 

h ! 83) "ec = ' 
where i s  a constant .  

3 
If 6ae = gu = 0, then a = E- e 28 . 
By t ak ing  t h e  pa r t i a l  de r iva t ive  of equat ion (8a) one 

(8b)  

obtains 
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I f  equat ions  (8a) and ( 9 )  are s u b s t i t u t e d  i n t o  equa- 

t i o n  ( 7 )  we have 

If t h e  i n i t i a l  per turbed q u a n t i t y  1s beb ,  then  f o r  t h e  

e n t i r e  landing  ope ra t ion  

. A O  = d e b  = cons tan t ,  ( l o b )  

( 5 )  The Radial E r r o r  hu 

The choice of t h e  t a n g e n t i a l  s p e c i f i c  fo rce  a,, i n  

equat ion  (8a) i s  very  important no t  only f o r  t h e  s impl i f i ca -  

t i o n  of' t he  computation of t h e  angular  e r r o r  but a lso f o r  

t h e  de te rmina t ion  of  the radial error. Equations (5), ( 6 )  

and ( 9 )  show t h a t  

from which one o b t a i n s  

The d i f f e r e n t i a l  equation f o r  t h e  r ad ia l  e r r o r  AU can 

be g rea t ly  s i m p l i f i e d  by s u b s t i t u t i n g  equat ions  (8b) ,  (11) 

and (12) into eqiiatfori ( 4 ) .  The r e s u l t  is, 

The computer program f o r  t he  radial s p e c i f i c  f o r c e  (arc) 

has the  f u n c t i o n a l  form 
~ ~~ ~~~~ ~ 
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where the  s u b s c r i p t s  m and k are assigned t o  u t o  des igna te  

t h e  s i g n a l  sources.  The feedback, which i s  shown in Figs.  2 

and 3, must be properly designed t o  ensure system s t a b i l i t y .  

The v a r i a t i o n a l  form of equation ( 1 4 )  i s  

As i nd ica t ed  in equat ion (15)  t h e  per turbed quan t i ty ,  bar, 

r e s u l t s  from the per turba t ions  Au, and Akm. 

urement e r r o r  i s  zero, then  

I f  t h e  k meas- 

k - k,. (16)  

Since k is an independent v a r i a b l e  i n  t h e  a n a l y s i s ,  it 

fol lows t h a t  

(17) Ak = Ak = 0. m 
Hence equat ion (15)  can be reduced t o  t h e  following: 

Equation (13) shows that t h e  per turbed  quan t i ty  Au I s  

inf luenced by the  fo rc ing  funct ion which i s  generated by 

the  per turbed  r a d i a l  s p e c i f i c  fo rce  Aar. 

assumed t h a t  t h e r e  is no propulsion error in a,, then 

If it  is f u r t h e r  

arc a ‘rs (1%; 

which impl i e s  Aa,, = Aa,. (19b) 
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With equat ions  (5b), (181, ( lga)  snC: (19b), euuat ion  (13) 

reduces t o  t h e  homogeneous d i f f ? r c n t l a l  equat ion ,  

The m d l s l  s p e c i f i c  force a i s  choser. t o  be r 

\ 21 

i n  accordance w i t h  the c r i t e r i a  given p rev ious ly  i n . t h i s  

s e c t i o n .  

one o b t a i n s  the value of bar  i n  equation (18). 

t i n g  t k i s  value and equat ion  ( 2 1 )  i n t o  equat ion  ( 2 0 )  y i e l d s  

D i f f e r e n t i a t i n g  equat ion (21) with  respect t o  urn, 

Subs t i t u -  

CL 

dLAu + 1 dAu 
dka Z i i a k  

The s o l u t i o n  of equat ion  ( 2 2 )  i s  

; AU * C l k  + C p ,  

where c 1  and c2 are cons t an t s  of I n t e g r a t i o n .  

I 
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(6)  Terminal A l t i t ude  Er ro r  Ar 

BJ employing the proposed feedback 2rograrn f D r a r c  and 

the  e f f e c t s  due t o  t h e  d i f f e r e n t  i n i t i a l  e r r o r s  on a ec’ 
the te rmina l  a l t i t u d e  error can be determined. The f irst  

case  begins with the assumption t h a t  the veh ic l e  i s  i n  a 

c i r c u l a r  o r b i t  with an i n i t i a l  r a d i a l  error of Aub before  

ft s t a r t s  t o  descend. The e r r o r s  i n  the i n i t i a l  cond i t ions  

a r e  expressed as 
i 

= Aub 
k=kb 

= o  dAu i 
aq k=kb 

With equat ions  (24)  and (25), equat ion (23) y i - l d s  

c 1  = 0 and c;! = Aub 

Thus the solution becomes 

AU = Aub 

With the  a i d  of the  d e f i n i t i o n  u = i;, it leads t o  

1 hu = - - A r  
r2 

F-fter s u b s t i t u t i n g  equation (27) i n t o  equat ion ( 2 6 ) ,  t h e  

a l t i t u d e  e r ror  is ... 

where Arb is t h e  i n i t i a l  a l t i t u d e  error. 

The c i r c u l a r  parking o rb i t  of 22.04-mile a l t i t u d e  

corresponds t o  rb P 1102.04 miles, while the radius of t h e  



lunar su r face  is ro = 1080 miles. 

t h e  terminal a l t i t u d e  error AI- 

For  t r a j e c t o r i e s  o the r  than c 

-9- 
I f  A r b  = 0.1 mile, then 

= O.WG mile. 

r c u l a r  o r b i t  one may 
k=0 

s ta r t  w i t h  a c o r r e c t  a l t i t u d e  ( i . e . ,  Au = 0)  bu t  wi th  an 

angular  dev ia t ion  o t h e r  than the programmed slope. Then 

$he i n i t i a l  e r r o r s  resulting from the d e v i a t i o n s  are  

= o  I Au I k=kb 

Using equat ions (29) and (30) ,  the cons tan t s  of I n t e g r a t i o n  

i n  equation (23) can be determined. Thus, the s o l u t i o n  f o r  

equation (23) i s  1 
z (31) AU = 2Wb(k kb) - 2 Wbkb 

which is v a l i d  for the e n t i r e  landing  operation. The 

p a r t i c u l a r  value of k i s  zero a t  landing, thus 

= -2 Wbkb 
A' 1 k=0 

To i n t e r p r e t  the  quantity Wb i n  equat ion (30) It is 

desirable t o  eva lua te  the d e r i v a t i v e  of  Au wi th  r e s p e c t  to 

k i n  equation (27). 

Since Ar i .I AU 1 = 0 by equr t ion  (29), t he re fo re ,  ! k=kb , k=kb 
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From equat ions (1) m d  ( e - - ) ,  we have 

The value of 3 can be GeternineG froiii the t r z j e c t o r y  for 

Tnus 

The terminal altitude e r r o r  Ar is determined from equations 

(2?), ( 3 2 )  cnd ( 3 7 )  as 

A r  

k=O 
dr where ds = rbC8 and A ( = )  1 

1 

k=kb 

is an angular dev ia t ion  

I k=kb 
Prom the grogrF.mincd pcth. 

Fig. 4 shows the pel?-tionship between the terrnincl  a l t i t u d e  

2 r r o r  end the l anc ing  angle Ob f o r  the C i f f e r e n t  angulzr 

d e v i a t i o n s  a t  initial po in t .  
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(7 )  E r r o r  of the Tzrminal Transverse Veloc i ty  

Bzsed on the d e f i n i t i o n  of k, the e r r o r  o f  the t r ansve r se  

velocit ; .  can be determined, Since 

de tile t r ansve r se  ve lcc i t :  o f  tlie veh ic l e  (ve = r =) can 

2 l s o  be w r i t t e n  a s  1 
3 V 6 C - k  u 

With k taken a s  the reference v a r i a b l e  i n  t h e  feedback 

con t ro l ,  the perturbecl v8 2nd. t h e  perturbed u have the  

fol lowing re12 t i o n  1 
T A v ~  t - k AU 

and 

(8) Errcr  o f  t he  Terninal % . c I i . E . l  Velocity 

It i s  of  2;rzat inportance t o  i n v e s t i g z t e  t h e  e r r o r  of the  

te rmina l  r a d i a l  v e l o c i t y  because o f  t h e  s t r i n g e n t  condi t ion 

imposed on t h e  terminal  touch-down v e l o c i t y  in achieving 

soft landing.  It i s  defined t h a t  d r  
u t  vr = - 

Hence, 

The e f f e c t  cjn Av, due t o  the va lues  nu an6 A 0  i s  d e t e r -  

mined a s  
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(49) 

0 as shown i n  equetion ( loa) .  The t r a j e c t o r y  where = 

of t h e  veh ic l e  has a simple analytical expression when the 

dQ8 

value n equals  zero, which implies (see Lppendix A )  

Thus 

To eva lua te  the e r ror  of t h e  radial v e l o c i t y  Avr, i t  i s  

r equ i r ed  t o  c a l c u l z t e  the velue =, dLu which is obta ined  

from equation (23) 
1 

Equation (46) Is reeuced further a s  

which shows t h a t  the value o f  Avr rermins c o n s t c n t  throuzh- 

o u t  t he  e n t i r e  landing opcr,o.tion. 

It i s  t o  be noted t h a t  from equation (47) c1 3 0 i f  

t h e  i n i t i a l  conditions a re  

1 k=kb 

= o  an6 I 
i 

I 
t 
i , k=kb 

= Aub 

Therefore Avr 0 f o r  the above case.  However, f o r  t h e  
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! 
dau i 
- 1  

case where = ;Jb and Au, 1 = 0, we have 

1 
2 c 1  = 211 1c b b  (49) 

which I s  obtained by conparing equat ions (23) and (31). 

Substi tu.Ling the value of \jb rroii~ equation (37) i n t o  

equation (49), one ob:ains 1 

From equation ( 5 0 )  and e q u z t i o n  (48), we have 
1 

where vQb is the velocity o f  the vehic le  i n  the circular 

o r b i t .  Fig. 5 shows the l i n e n  r e l s l t i o n s h i p  between the 

e r r o r  o f  the  r a d i a l  ve loc i ty  (Av,) and the  a n g u l r r  devia- 

t i o n  [L(:$)] of t h e  i E i t i : . l  t i7:.fectorj wi th  respect t o  the 

cipc-~.>-;q o.-' vL ' :3 i z .  . ' For exmple ,  ai? znyular  devis.tion of 3 

ininutes w i l l  give sn error of r a d i a l  v e l o c i t y  o f  

3.25 m i l e / l z r .  
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( 2 )  

trol schemes f o r  dcscect  t m j c c  t3rir3s that w i l l  s iTre,  with 

high accuracy, the f i n z l  p o s i t i o n  and ve l i j c i ty  T o r  lirnclr 

landing;.  

initial e m o r .  

tained f roin measurements of  the s t s t e  of the v e h i c l e  very 

sma1.1. dcvic’cions from the pragrcmned course a re  expected 

so  t h a t  a buli!s eye l a n d i n g  c m  be achieved. 

The objective o f  t h i s  paper is to finct feasible? con- 

I: s t a b l e  c o n t r o l  syste:n can be provideci f o r  any 

; l i th  the a i d  of a feedback system Qb- 

( b )  The w r i a t i o n a i  equations ( 3 )  c n d  ( 4 )  a r e  completely 

generzl i n  s c q x  f o r  any  tvm-c t imnsional  gwoblen provide6 

the  veh ic l e  is n o t  coast.!.ng, .I-. e . ,  k G cons tan t .  

tion o r  autonatic. 
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(1) Other forms of per tu rbz t i sn .  

A feedback systems f o r  drnping the initial itngular 

an6 r a d i a l  e r r o r  wiii b e  i nves t iga t ed ,  for exariple, per- 

tu rbed  v e l o c i t y  feedback. i.s t h e  dynamic process i s  a 

mul t ip l e  v a r i a b l e  system with so?xpling e f f e c t s  between ' 

t h e  a n g u l m  and radj.21 components, t h e  c h a r a c t e r i s t i c s  

cf the output  must be c l e a r l y  understood. 

( 2 )  

S ince  the  equations of t h e  6.ynami.c system a re  i n  terms of 

the inCcpendent variable k instead o f  t h e ,  t h e  s t a b i l i t y  

c r i t e r i o n  nus% be redefined s ince  k decreases  xonctonically 

The s t a b i l i t y  ci' t h e  feedback system w i l l  be s tud ied .  

w i t h  inc rezs ing  time. 

(3)  
aec and arc can mzke ca l cu ln t ions  on e a r t h  and send a com- 

mand s igna l  t o  the luna r  bug. i; 6e1ay('r1 + 7 2  i- ? a )  of a t  

I f  an e a r t h  bound s igna l  is used, the  conputers f o r  

l e a s t  3 seconds i s  shown i n  Fiz .  3. The e f f e c t  zf t h i s  ' 'pure 

delzy' w i l l  Se s tudied .  

( 4 )  
a s  6k and 3u and i n  t h e  propulsion system as Gae and Sa, 

i n  Fig.  3. The ccntrcil  of t h i s  nonl inear  s t o i c a s t i c  pro- 

S t a t i s t i c a l  e r r o r  i n  neasurenents and grriilancr: appear 

ceds y ; : i i l  be ~ ~ ~ ~ - ~ ~ ~ c ~ .  
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The solution:: t o  Equations (1) and ( 2 )  in Lhe t e x t  

can be obtained provided t k t  the spec i f i c  f o r c e s  are 

given. Th?e kransverse and r a d i a l  s p e c i f i c  Torces nust 

be chosen so t ha t  the  s o f t  l m d i n g  requirements a r e  s a t i s -  

fied. It i s  purposed thzt. 

0 ' .  n ... 1, - 

where kb i s  t h e  i n i t i a l  valuz o f  k. 

The cons tan ts  perameters A enC @ are t o  be determined. 

The j u s t i f i c a t i o n  for t h e  limits on the parameters on n and 

q is t h a t ,  2 s  k apprm dies the  P value  of ae and a 

must be f i n i t e .  T h i s  results i n  0 - a*. n and q - 2  A . Under 

the i n i t i a i  condi t ions  (6 z ob a t  k = kb) and  t he  f i n a l  

condi t ions  ( e  = 0 a t  k = 0 ) ,  the fo l lowLng expressions a r e  

obta ined  by s o i v i n g  equations (1) and (>A) 

and 



. 

The s o l u t i o n  to equation (2) after substituting (Rl) 
1 and (!!2) into it with q = and n 0 is 

1 A 

where U = uo - u. 
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